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Intensities for continuous-time Markov chains

Assume X is a continuous time Markov chain in E C Z2¢. The Q-matrix, Q = {qu},
for the chain gives

and hence

E[f(X(t+ At)) — FXW)F] =D axwa(f1) — F(X(£)At = Af(X(t)At

l

Alternative notation: Define (k) = g gi- Then

Zﬂz f(E+1) — f(k))
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Martingale problems

~ is made precise by the requirement that

A ) = 1X(0) =~ [ AF(X(s)as
be a {F;* }-martingale for f in an appropriate domain D(A).

X is called a solution of the martingale problem for A.

Note that a change of time scale corresponds to multiplying the generator by the
appropriate constant.

F(X(pt)) — F(X(0)) — Op AF(X(s))ds

— F(X(pt)) — F(X(0)) — / pAF(X (ps))ds
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Time change equation

X(t) = X(0)+ Y _IN(t)

where N;(t) is the number of jumps of [ at or before time ¢. N is a counting process
with intensity (propensity in the chemical literature) 5,(X(¢)), that is,

Ny(t) — /Ot Bi(X (s))ds

is a martingale. Consequently, we can write

Ni(t) = i / (X (5))ds),

where the Y] are independent, unit Poisson processes, and

X(0) = X0+ il [ A
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Reaction networks

Standard notation for chemical reactions
A+B—~C

is interpreted as “a molecule of A combines with a molecule of B to give a molecule
of C.”
A+B=C

means that the reaction can go in either direction, that is, a molecule of C' can
dissociate into a molecule of A and a molecule of B

We consider a network of reactions involving m chemical species, A1, ..., A,,.

m m

/
E VikAi — E VikAi
i=1 i=1

where the v, and v, are nonnegative integers
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Markov chain models

X (t) number of molecules of each species in the system at time ¢.

v, number of molecules of each chemical species consumed in the kth reaction.
v;, number of molecules of each species created by the kth reaction.

Ak(z) rate at which the kth reaction occurs. (The propensity/intensity.)

If the kth reaction occurs at time ¢, the new state becomes
X(t)=X({t—) + v, — .

The number of times that the kth reaction occurs by time ¢ is given by the counting
process satisfying

Ry(t) = Vi / (X (5))ds),

where the Y}, are independent unit Poisson processes.
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Equations for the system state

The state of the system satisfies

X(t) = X(0)+> R(t)(v), — w)

= X(0)+ ZY’“(/ Me(X (8))ds) (v, —vi) = (V' — v)R(t)
. 0

V' is the matrix with columns given by the v;.
v is the matrix with columns given by the 1.

R(t) is the vector with components Ry(?).
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Rates for the law of mass action
For a binary reaction A; + Ay — Az or A; + Ay — Az + Ay
() = Kpryag

For Al — AQ Al — A2 +A3,
M () = Ky

For 2A1 — AQ,
Ai(x) = kgpzy (g — 1)

For a binary reaction A; + As — Ajz, the rate should vary inversely with volume, so
it would be better to write

N —1
A (2) = ki N™ 19 = NRg2 22,

where classically, IV is a scaling parameter taken to be the volume of the system times
Avogadro’s number and z; = N~'z; is the concentration in moles per unit volume.
Note that unary reaction rates also satisfy

M () = Ky = NEgz;.
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Classical scaling limit
Setting OV (t) = N71X(t)

C) = YO+ LN [ N - )
k
~ CN(0)+ Z N~ 'Y (N /Ot Me(CN (5))ds) (v, — 1)
k
The law of large numbers for the Poisson process implies N~V (Nu) = u,
=0+ 3 [ m [N k- mids,
k i

which in the large volume limit gives the classical deterministic law of mass action

C(t) =3 m [T iy i —m) = F(CW).
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A multiscale model 1]

Take N to be of the order of magnitude of the abundance of the most abundant
species in the system.

For each species 7, 0 < «; < 1 and
Zi(t) = N~ X;(t).
«; should be selected so that Z; = O(1).
The rate constants may also scale k), = Kk N*, so for a binary reaction
Kprir; = Nt g 2z

Select G, so that X, (x) = NP\ (z), where M\y(2) = O(1) for all (most?) relevant
values of z.

The model becomes

Zi(t) = Z:0) + 3 N /0 N A (Z(5))ds) (), — vie).
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Identifying the “fast” process
Let Ay = diag(N~,..., N=*) and ¢} = v, — V. The generator for Z is
Brf(2) =D NPA(2)(f (2 + AnGe) = f(2).
k
Select the smallest r; (possibly negative) such that
Cof(z) = J\}gnoo N By f(2)

exists for each f € C?(R™), z € R™, and let D; be the collection of f € C*(R™) such
that Cof(z) = 0.
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Identifying r

Critical exponents: Let

rio = max{f : Ji,a; =0,y # 0}
1 = maX{ﬁk — Q. Z /\Z(Z)Czl 7é 0}

B1=0B%

rio = max{f —2a;: »  M(2)Ck # 0}
Br=p"

Then rT = maX{ﬁo, 11, 7"12}-
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Second time scale
Select the smallest r5 such that

Cif(2) = lim N~y /()
exists for all f € Dy, so in some sense, for general f

N™"Byf(z) = Cif(z) + N Cof(2)
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General approaches to averaging  [7]

Models with two time scales: (X,Y), Y is “fast”
Occupation measure: I (C' x [0,1]) = [, 1o(Y (s))ds

Replace integrals involving Y by integrals against I'Y

[ yenas = [ s

Q

/Ot B F(X(s),y)ns(dy)ds

How do we identify 7,7
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Generator approach

Suppose B, f(z,y) = rCof(z,y) + Cf(z,y) where C operates on f as a function of
y alone.

PO 0) = [ €)Y (dy x ds)

EY x[0,t]

[ (s (dy x d)
EY x[0,t]
Assuming (X,,TY) = (X,T'Y), dividing by 7, we should

/EY o Cof(X(s),y)TY (dy x ds) = / Cof (X (s),y)ns(dy)ds = 0

EY x[0,t]

Suppose that for each x, the solution of [, Cof(x,y)u.(dy) = 0, f € D. Then
1s(dy) = px(s)(dy)
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Michaelis-Menten kinetics

Consider the reaction system A+ F = AF -~ B+ E

modeled as a continuous time Markov chain satisfying
Xa(t) = Xa(0)— Yl(/ot k1 Xa(8)XE(s)ds) + Yg(/ot Ko X ap(s)ds)
Xp(t) = Xg(0)— Yl(/ot k1 Xa(s)XEg(s)ds) + Yg(/ot ko X ap(s)ds)
—|—Y3(/Ot k3 Xap(s)ds)

Xp(t) = Y},(/O R3Xap(s)ds)
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Scaling
Note that M = Xag(t) + Xg(t) is constant. Let N = O(X4) define
t
Velt) = [ M Xplo)ds, Za(t) =N Xa(t)
0

k1=M1y, ko=NM Ty, kr3=NM vy

Za(t) = Za(0) = N"Vy(N /Ot %1Za(s)dVis(s)) + N ™Yo (Nya(t = Vi(1))

Xp(t) = Xp(0) - Yi(N /Ot MZa(8)dVe(s)) + Ya(Ny2(t — Vi (1))

+Y5(Nys(t — Ve(t)))
Zp(t) = N'Y3(Ny(t—Va(t)))

Along a subsequence (Z4, Zp, Vi) = (za,2p,vE) and

/Ot Za(s)dVi(s) = /Ot z4(8)dvp(s) = /Ot 2 a(s)0p(s)ds
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Theorem 1 (Darden [7, /]) Assume that N — oo, M/N — 0, Mky — 71, Mko/N —
Yo, Mk3/N — 73, and X4(0)/N — x4(0), and

Then (N7'X 4, V) converges to (xa(t),vge(t)) satisfying
att) = 24(0)— / 24(3)im(s)ds + / 101 — o(s))ds 1)
0 = = [ maa@istds+ [ G+ = ip()ds

; — Y2473
and hence vg(s) = T and

MY324(%)

TA(t) = — )
alt) Y2 + 73 + 1124(8)
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Quasi-steady state

Assume M is constant kg = 9 N/M, k3 = y3N/M. Then
F(XE(t) = [(Xe(0) = | NnZa(s)M ™' Xp(s)(f(Xp(s) — 1) — f(X&(s)))ds
— [ N(2+93)(1 = M7 Xp(s)(f(Xe(s) + 1) — f(Xp(s)))ds

Since Za(s) — wa(s), [ Cf(za(s), k)ns(dk) = 0 becomes

> (k) [(leA<s>M-1k<f<k = 1) = f(k)

(2 +98)(1 = MTR)(f(k + 1) = f(k))] =0

Y2+73

S0 1 is binomial(M, p,), where p, = Tl
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Forcing onto a lower dimensional manifold

Assume
F:RY— RY
ZEC{z € R?: F(z) = 0o} a submanifold of dimension m < d

OF(z), x € E, has rank d — m and the nonzero eigenvalues have negative real parts

bit,a) =+ / Fih(s,2))ds,

T ={z:®(x) =limy_ . ¥(t,x) exists}

Then, under additional regularity conditions, ® is C? and d®(x)F(x) = 0 in a neigh-
borhood of E (Falconer (1983) [7]).
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Convergence theorem

Katzenberger (1991) [0]

Theorem 2 Let {Vi} be a sequence of semimartingales satisfying a uniformity con-
dition and Viy =V, {An} continuous nondecreasing processes such that

%gg An(t+e) — An(t) — o0

for each € > 0. Suppose

¢
Z(t) = Va(t) + | F(Zu(s)dAx(s
0
and Vy(0) = Z(0) € E. Then Zy = Z satisfying

2() = 200) + [ 02(2() V() + 53 [ 8, @(Z(s))dlVi, V.
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Slow time scale limit

20) = 20+ W[ NG

k 0

= 200+ LW VA2 (A - A

k

Define UY(t) = Z(N~"2t) and assume (, # 0 implies 3}, — ro < 2a; and

UN(t) = UN0)+ ) Yk</0t NAZT2 ) (UM (5))ds) Ay = AR )G
2 m/: N2 XU (5))ds) Ay

+/0tG(UN(S))ds+N”_’"2 /OtF<UN<s>>ds
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Negative feedback with dimerization Bratsun, Volfson, Tsimring, and Hasty [2]

A+A— A, Ay — A+ A
Do+ Ay — Dy Dy — Dy + Ay
D0:>D0—|—A AA(D

The model becomes

6(t) = 6(0)+ Y1</0 k_1(1—0(s))ds) — Yg(/o k10(s)Xo(s)ds)

Xi(t) = X1(0) + Yg,(/ r30(s)ds) — Y4</0 k4X1(s)ds)

_avi( /0 ko X1 (5) (X (5) — 1)ds) + 2e( /0 2 X (s)ds)
Xo(t) = X2(0)+ Y},(/O RoX1(s)(Xi(s) — 1)ds) — Yﬁ(/o K_2Xo(s)ds)

—I—Yl(/o k_1(1—0(s))ds) — Yg(/o k10(s)X3(s)ds).
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Scaling

Replace k_1 by Nk_1, k_o by Nk_o, k3 by Nk, and (X;(0), X2(0)) by (NZ1(0), NZ5(0))
and divide the three equations by N. Define Z¥ = N7 XN, ZN = N~1XY
¢ ¢
o) = 6(0) + Yl(N/ k(1= 0(s))ds — n(/ 110(5) Xo(5)ds)
0 0
t—1 t
Xi(t) = X,(0)+ Ya(N / k0(s)ds) — Yl / 4 X (5)ds)
—T 0
t t
v / o X (5) (X3 (5) — 1)ds) + 2Ys(N / 2 X (s)ds)
0 0
t t
Xo(t) = X2(0)+ Y})(/ RoX1(s)(Xi(s) —1)ds) — Y};(N/ K_9Xo(s)ds)
0 0

—|—Y1(N/O k_1(1 —0(s))ds) — Yg(/o k10(8) Xo(s)ds).
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Zy' (t)

/Ot k_1(1 — GN(S))ds) — /Ot “19N(8)Zév(s)d5

t t
ZN(0) + N7Yy(N K30 (5)ds) — N_11~/4(N/ Ky Z3 (s)ds)
0

—2N 1Y (N? /O t ko ZN (s)(ZN (s) — N7Y)ds) + 2N ~1Y5(N? /0 t K_o ZN (s)ds)
+ / tj rg0 (5)ds + /0 t(2/{2 — kg) ZV (s)ds
N /0 ke aZN () — a2 (5))ds
20O+ NN [ w60 0) — N ) = NN [ 2 )
N [ (1= 0(9)ds) = NV [ 0628 ()0

t t
—/ ko Z1Y (s)ds + N/ (ke ZN (5)? — ko ZY (s5))ds,
0 0
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Strong drift

F(21,22) = (K222 — K22]) ( —21 )

- K
E={(21,2): 2 = —22}
Noting that
ZN) + 22N 1) = ZN(0) +225(0)
t—7

¢
+N7YY (N 130 (5)ds) — N_1}~/4(N/ ks ZY (s)ds)
0

—T

t—7 t
-I-/ K30 (s)ds —/ ks ZY (s)ds
0

-7

+NHO(t) — 0(0))
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Limiting equation

Let € = :—711 and 0 = :%2 Then

and

t—1 Ks

Zl(t) + 25Z1(t)2 = Zl(O) + 2521(0)2 + / HTZl(s)?ds — /Ot /14Z1(8)d8.

—T
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Appendix
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Uniformity condition

Vy = My + Ry, a semimartingale adapted to {F}
Ti(Ry), the total variation of Ry on [0, ]

[My]:, the quadratic variation of My on [0, ]

Condition 3 a)
{T\(Ry),N =1,2,...}
15 stochastically bounded.
b) There exist stopping times {15} such that

lim sup P{ry < ¢} =0

Cc—0 N

and
Sl}tp E[[Mn]iarg] < 00
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Abstract

Model reduction for chemical reaction networks

Stochastic models of cellular chemical reaction networks typically involve chemical
species numbers and reaction rates varying over several orders of magnitude. A
number of researchers have proposed exploiting the multiscale nature of these models
to reduce the complexity of the model to be analyzed or simulated. Systematic
approaches to model reduction will be discussed.
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