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Motivation
S

Identifying stationary distributions of reflected diffusions with jumps-
queues with "noisy servers"

Develop a framework for network stability
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Motivation (contd.)
]

Multi-dimensional reflected processes, in particular multi-dimensional
reflected diffusions with jumps, arise in a wide variety of applications
such as:

B Finance
B Queueing networks in heavy traffic

B Risk theory
B Subsidy-surplus models

University

Waterioo

%

ECE, University of Waterloo — p.4/50




Background
]

B Reiman (Math. Oper. Res., 1984) showed an open queueing network
converges weakly to an SRBM (special case) in heavy traffic.
Recently, Gamarnik et al. (Annals App. Prob., 2006) established the
validity of such heavy traffic steady state approximation.

B Chen and Whitt (Queueing Syst. Theory App., 1993) showed in
heavy traffic the number of customers in an open queueing network
subject to service interruptions can be approximated by a reflected
Brownian motion with jumps in the positive orthant.

B Since then, weak convergence of more complex network models to
reflected diffusions with jumps has been established, allowing for
example state-dependency (Kushner, Heavy Traffic Analysis of
Controlled Queueing and Communication Networks, Springer, 2001).

B Wide variety of limit processes: Noah Effect (heavy tails), Joseph

University of
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A Special Case: SRBM
]

Semi-martingale reflected Brownian motion (SRBM):
tZO/ Xt:Yt—i_RZt
where:

B X: R"-valued, continuous semi-martingale.

B Y: R"-valued Brownian motion with covariance matrix I and drift
vector ©. (Yp = x € R

B R: 1 x n completely-S real matrix (i.e., VR principal submatrix of R,
Jx > 0s.t. Rx > 0).

B 7: R"-valued, continuous process with each Z' non-decreasing,
null at zero and such that [ XidZi = 0.
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A Special Case: SRBM (2)
—— ]

B By writing X' = U+ R;;Z, an (implicit) characterization of the
regulator process Z' of X' at level 0 is given by:

1 .
Z; = — sup max{—U.,0}

Rii seqo,

B 7 also results from applying the multi-dimensional reflection map
to the unconstrained or “free” process Y: Z is the minimal element
in the space of continuous, null at zero and (componentwise)
non-decreasing processes s.t. Y + RZ > 0.

B SRBM has been studied quite extensively not only because of its
pure mathematical significance, but also because of its applied
relevance in heavy-traffic limits for stochastic networks.
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SRBM: Related Results
S

B Reiman and Williams (Probab. Theory Related Fields, 1988) showed
that the completely-S property of R is necessary for the existence of
SRBM on the orthant.

B Taylor and Williams (Probab. Theory Related Fields, 1993)
established sufficiency and uniqueness.

B Reiman and Williams (Probab. Theory Related Fields, 1988) also
showed the following boundary property: The regulator processes
do not charge the set of times spent in the intersection of two or
more faces, i.e., V] C {1,...,n},|J]| > 2,and any kin J, a.s.:

/ 1{X. =0,j € J}dzk =0
0
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SRBM: Related Results (2)
—— ]

B This boundary property is important in characterizing the
stationary regime and its corresponding stationary distribution.

B Harrison and Williams (Stochastics, 1987) showed the necessary and
sufficient conditions for product-form stationary distribution
(marginals independent in stationary regime) are:

R7'® < 0 (for stationary regime)

Tjj = ﬁj;ﬂi + ﬁl;rﬁ (for separability)

(R=(I- PT)D, P > 0 sub-stochastic, transient, D > 0 diagonal).

B More recently, Shen et al. (Queueing Syst. Theory App., 2002) also

Wi used this boundary property to develop numerical methods for

N computing the stationary distribution of queueing networks in the
heavy traffic limit (SRBM in a hypercube). ECE, University of Waterloo —p.9/50




Reflected Diffusions with Jumps:  1-d
]

B Mazumdar and Guillemin (App. Math. Optim., 1996) studied
one-dimensional reflected diffusions, allowing for time and space
dependent drift and diffusion coefficients and jumps, i.e.:

t >0, dX; = b(t, Xt>dt —+ 0'<t, Xt)th —I—/ ]/l(dt, dZ) +dZ;
0

B There they related the regulator process Z to the corresponding
semi-martingale local time at level O, L(t,0), as:

t
Z; = _/ 1{X, = 0}b(s,0)ds + %L(t,O)
0

B Then they used this, and other supporting results, to study the
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Semi-martingale Local Times
]

The Local Time of a cadlag semi-martingale X at level r € R measures the
amount of time that X spends in the neighborhood of r:

1 t
t>0, L(t,r)=lim- [ 1{r <Xs <r+e}[X, X]; () [AXs| < o0)
e—=0¢€ Jo O<s<t

Time occupation density interpretation (relative to the random "clock"
d| X, X]%): Vf bounded Borel measurable we have a.s.:

/ XK= [ FeLE s
0 00
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Multi-dimensional Case
S

We consider a reflected diffusion with positive and negative jumps,
constrained to lie in the positive orthant of R":

t t
X,g:X0+/ b(s,XS)ds+/ v(s, Xs—)AWs + Y = AX; + RZ;
0 0

O<s<t

where:

B Xisan R" -valued, cadlag semi-martingale such that
Y g<s<t |AXs| < oo a.s. for each t > 0.

B ) and vy are Borel functions from R x R” into R” and R"*",
respectively. We set a = yyx*.

B W is an n-dimensional, standard Brownian motion.
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Multi-dimensional Case (2)
—— ]

and;:

B R e R"™"is a completely-S matrix with the additional property that
every principal submatrix extracted from it is non-singular. Note if
R is not diagonal then the reflections are oblique.

B 7's are the regulator processes associated to each X', i.e., by writing
X' = U' + R;;Z}, then:

1 .
Z; = — sup max{—U.,0}
Rii 50,4
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Main Results
S

B [fJdic KC{1,...,n}suchthata;(s,0x) > 0fora.e. s € [0,t], then:

as.: m{se[0,4:X.=0,vjeK}=0

and:
ae. sc[0,t]: PX{xeR" :x=0,vke K} =0

B The second result establishes that, for a.e. s € [0, t], the law of X
(denoted as PX) does not charge the set [, {x € R : x; = 0}.
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Main Results (2)
—— ]

B If3i,je KC{1,...,n},i+#j suchthat aji(s,0g\(iy) > 0 and
a;i(s,0x\(jy) > O fora.e. s € [0, ], then Vg € K we have as.:

t
/ 1{XF =0,vk € K}dzI =0
0

B This result extends, under the additional invertibility requirement
on principal submatrices of R, the boundary property for SRBMs in
the orthant, where there are no jumps and the drift, as well as the
diffusion matrix, are constant. It allows for the following pure local
time characterization of Z.
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Main Results (3)
0000000

B Ifvic{l,...,n} wehavea;(t 0fy) > Oforae t € Ry, then
Vie {1,...,n} we have a.s.:

L0

Z! =

B This is an important result for characterizing the stationary
distribution of X, as we will see shortly.

B Asa corollary of these results, and under the same assumptions as
above, we have a.s.:

suppt{dZl} = suppt{Li(ds,0)} C {s € Ry : X\ =0,X] > 0,Vj # i}
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Hyper-rectangular State Spaces
.

B All the previous results are readily adapted to the case of an
hyper-rectangular state space: x'_,[0, u;] with each u; > 0.

B Main motivation: queueing theory, when work arrives to finite
queues.

B The model is:

t t
X = Xy —I—/ b(S, X5_>d5 —|—/ ’)’(S, X5_>dws + Z AXs+ RZy — th
0 0

O0<s<t
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Hyper-rectangular State Spaces (2)
]

B By writing X' = V! — R;;Z, the regulator process of X' at level u;
can be (implicitly) characterized as:

7h = sup max{V! —c;,0}

1
Rii sefo,

B As mentioned, all the previous results are readily adapted to this
case. For example, if Vi € {1,...,n} we have a;;(t,cg;) > 0 for a.e.
t e Ry, thenVi € {1,...,n} we have a.s..

1

Zi

Li('/Ci_)
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Product-form Distributions
S

B There has been much interest in the particular case when the
stationary distribution of this class of reflected processes factorizes
as the product of its one-dimensional marginals, termed as
product-form case (like in the context of classical Markovian

queueing networks; see for example the book by Kelly, Reversibility
and Stochastic Networks, Wiley, 1979).

B Harrison and Williams (Stochastics, 1985) provided necessary and
sufficient conditions for a product-form stationary distribution in
the case of SRBMs in the orthant.

B Product-form stationary distributions for reflected Lévy processes
(including jumps) have been exploited in Bardhan (Stochastic
Processes and App., 1995) for example.
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Product-form Distributions (2)
—— ]

B Negative results for queueing models with Lévy inputs are given in
Kella (J. App. Probab., 2000) for a 2-d fluid network or, more
recently, for an n-dim Lévy stochastic network in Konstantopoulos
et al. (Queueing Syst., 2004).
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State-dependent Drift and Diffusion
0000000

We study the case of product-form stationary distributions for a similar
reflected diffusion with jumps as before:

dX; = b(Xy)dt + o(X;)dW; + AX; + RdZ;

where, in addition:

B b;(x) = bi(x;), a;j(x) = a;j(x;,xj), a;;(0) > 0, and a;;(0+) exists and is
finite.

B The jump measure driving the jumps in X admits a Markovian
predictable compensator of the form A (w)K(X;— (w), dz)dt, where
the probability transition kernel K(x, dz) has a separable structure

1 Ki(x;,dz;), with each one-dimensional marginal distribution
K;(x;,-) such that K;(x;,{0}) = K;(x;, (—00, —x;)) = 0 for each x; > 0,
and the intensity A is ind. of (X;—);>¢ and takes the form } ' ; A;,

University of
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Main Result
S

B The stationary density p is in product-form, i.e., p(x) = [T pi(x;)
for a.e. x € R’. with p; its i-th one-dimensional marginal, if and
only if for each i,j € {1,...,n},i # j, we have:

Rji ajj i ” o
aij(Xi, Xj) = 2141-1-61 <o;zi)(o+) /x pi()dg + (i< ])

for Pjj-a.e. (x;,xj) € R? , where P;; denotes the joint (stationary) law
of the tuple (X, X{ ) in R4
B Remark. The following assumptions have been made:

¢ A stationary version exists. Moreover, the stationary law of X;
in R” is absolutely continuous (with density p) w.r.t. Lebesgue

measure.

Waterioo ¢ Each one-dimensional marginal is such that p;(0+) exists and is
.
© finite.
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Some Remarks
S

In the case when there are no jumps and the drift vector b(-) is
constant, the product-form condition becomes:

Ji Rij i .
Eaii(xi) + ZRjjﬂjj(xj) i # ]

aij(xi, xj) =

This generalizes the socalled skew-symmetric condition for SRBMs.

Finally, it is easy to see that if the diffusion matrix 4 has constant
off-diagonal elements, then a product-form stationary density is not
possible unless: Either the jumps in each coordinate are identically
null and the drift b, as well as the diagonal elements in 4, are
constant; Or a and the reflection matrix R are diagonal (this
generalizes the negative result in Konstantopoulos, Last and Lin
(Queueing Syst., 2004), shown for n-dimensional reflected Lévy
processes).
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Some Explicit Examples
—— ]

Constant Drift, No Jumps. Assuming strictly positive and continuously
differentiable diagonal elements in 4, one can show that:

11 %i0pi0) oy T4
p<x>_i1} a;i(x;) ep{ a”(mpl(o)/o aii@}

where p;(0) = —ZWR—('I'O) (R™1D);. The separability condition in this case is
the same as the one in the previous slide.

B This generalizes the exponential product-form density obtained in
the case of SRBM.
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Some Explicit Examples (2)
—— ]

Normal Reflections, No Jumps. In this case one can show that, under the
same assumptions as in the previous slide:

p(x) = ﬁaii(O)Pi(O) exp{Z/OXi bi(¢) dg}

1 i(xi) 2;i(C)
where:
() — ¢i(xi) IR y " bi(8)
pi(0) = {a11(0> R, g (x; )dxz} ;o ¢i(x;) =e p{Z/O 2:(2) dé}

The separability condition is, of course:

a1]<x1/ >_O Vi#£]

lllllllllll
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Some Explicit Examples (3)
—— ]

Jump case. Assuming constant drift, constant diagonal elements in 4 and
jump-size distributions k;(x;, z;) = ki(z;) (independent of x;) Vi, one can
show in this case:

1.0t
Llp(vi) = 5 P
zﬂiiPi(0+> + ]EAi]Eki + 5jiVi + yil {‘C[kz](vz> — 1}

where L]-](-) denotes Laplace transform and p;(07) = —2a5(i6) (R~ 19);,
with v; = b; + EA;Ek; and Ek; = f]R+ z1k;(z;)dz;. Therefore, for a specific
set of jump-size distributions one can find the marginal densities p’s by
taking inverse Laplace transform to the equation above, and then the
required structure (for a product-form) on the off-diagonal diffusion

elements by substituting in those marginals in the product-form
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A General Model
S

We consider the following reflected diffusion with positive and negative
jumps, constrained to lie in the positive orthant of R":

t t
X; = X0+/ b(w,s,XS)ds—l—/ ¥(w,s, Xs— )dW;
0 0

t
+ Y AXS+/O R(w,s, Xs_)dZs

O<s<t

where X is an R -valued cadlag semi-martingale satisfying
Y 0<s<t |AX;| < oo a.s. for each t > 0, and:

H )= (bz')ie{l,...,n} : () X ]Rfﬁ_l — R and
v = (”Yij)i,je{l,...,n} : () X IR’_/‘ﬁl — IR are random fields with
F ® B(R’_ﬁl) — B(R) measurable coefficients, both (F});>¢-adapted

Waterloo !
2 for each fixed x € R.
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A General Model (2)
—— ]

and:
H R- (Rij)ijeq1,..ny + 2 X IR’frl — R"*" is a random field with

F®B (IR’_frl) — B(R) measurable coefficients, (F;);>o-adapted for
each fixed x € R.. Note the definition of R is only relevant for
(w,t,x) € O x R4 x dg: since X is cadlag and Z is continuous, we
have [, R(s, Xs_)dZs = |, R(s, Xs)dZs, and, moreover, each 7! can
only increase at times s when X! = 0 (i.e., when X € 9;), by
definition of Z.

B In addition, we assume that
P{weQ:R(w,tx)eRyV(tx) e Ry xdg} =1, where R,
denotes the collection of all n x n completely-S matrices with the
additional property that each of their principal submatrices is
non-singular.

University of

Waloo Note: State dependence occurs in a queueing context wthen routing matrix Q(x) = P! (x)
)

O depends on the buffer occupancy and R(x) = (I — Q(x).
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Main Results
S

B If3ic KC{1,...,n} such that
P{w e OQ:aj(w,s, x) >0,Vx € Ngexdr} = 1 fora.e. s € [0,1], then:

as.: m{se[0,4:X.=0,vjeK}=0
and:
ae. sc[0,t]: PX{xecR" :x=0,vke K} =0
B If3i,je KC{1,...,n},i+#j suchthat
P {(U cO:a(w,s,x)>0,Vx € ﬂkEK\{]’}ak} = 1and

P {w c): a]-j(w,s,x) > (0,Vx € ﬂkeK\{i}ak} — 1 fora.e.s ¢ [O, f],
then Vg € K we have a.s.:

t
Waterioo / 1{X* =0,vk e K}dZI =0
& 0
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Main Results (2)
—/—/—

B Ifforeachic {1,...,n} wehave
P{we Q:a;(w,t,x)>0Vx €09;} =1fora.e. t € Ry, then for
eachi € {1,...,n} we have a.s.:

i _ 1/' L' (ds,0)
2 Jo Rii(s, Xs)

B Remark. The previous results extend the boundary characterization
already given for the case of non-random drift and diffusion
coefficients, and constant reflection matrix.
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Case of a Wedge as State Space
]

Consider:

where now:
B The state space of Yis Sy C S = R,
Sy = (NDH)718={y € S : Ny > 0}, with the columns of the
non-singular matrix N € R"*" corresponding to the inner-normals
to the boundary faces of Sy.

B Each 7' satisfies the condition fR+ 1{Y; ¢ a}f}dz; = 0.
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Case of a Wedge as State Space (2)

and;:

B The random field R satisfies the corresponding generalized condition

P {(U e): (< Cii, R](w, t,y) >)i,j€{1,...,n} c Rn/v(t/y) c Ry x ag} =

1, where R; = (Rjj)ieq1,...n}, 1-€., the j-th column of R for each
(w,t,y) € QA xRy x Sy.
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Main Result
S

Assume for eachi € {1,...,n} we have
P {w cQ: |7 (w, t,y)di]| > 0,Vy € BIY} — 1forae. t € R.. Let
O # K C{1,...,n}. Then, we have:
B om{teR;:Y; € Mexd; } =0as.
B P {Npexd! } =0forae. t € Ry.
B If K| > 2, then flR+ 1{Y;s € mkEKa}j}dzj = (0 a.s. for each g € K.
L]

' 1 L (ds) . ' :
Z'=3 |, <dAi/1§i<SrYS)> a.s. foreachi € {1,...,n}, where (L} (t))¢>0 is

the local time at level zero for X' = (NTY)}, i.e.:

. . 1 [t . A
Ly(t) = Lx(t,0) = lei?g - 1{0 < X! < e}|ly' (s, N~ X5)d;||3ds
Waterioo )
%
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Product-form Stat. Distributions
S

Consider first:
dX; = b(Xe—)dt + y(Xp— )dWr + AXy + R(X—)dZy

where everything is as in the case with constant R, but now R = R(x),
x € R, Assume R;j(x) = R;j(x;). Note since

Ri(x) = (Rq,j(x1),--.,R;(0),..., Ry (xy)) only comes into play upon
hitting the j-th face, then this is equivalent to ask for R;j(x) = R;;(x;, x;).
Then, the stationary density p is in product-form if and only if for each
i,je€{1,...,n},i# j,wehave:

Rji(x)) a; i ” L
a;j(Xi, xj) = 21]%5-((]))) (O;i zzi)(0+) /x pilG)dE + (i)

University of
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Product-form Stat. Distributions (2)
—— ]

Some examples:

B Continuous Case. Assume A; = 0 (i.e., there are no jumps),
a;;(x;) > 0forall x; € R, and smooth coefficients. Then:

(e — 2iO)pi(0) [ 26i(6) +4i(c)
pilxi) ai;(x;) p{/o a;i (G) dg}

where:

3 a;j(0)p;(0)

i(Xi) = Rij(xi

>From the normalization condition, for each i:

> o1 *i 2b;(c) +qi(c) }
1=a;(0)p;(0 / ex { / i dc Sdx:
i i(0)pi(0) o aii(x;) P 0 a;; () o [
%
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Product-form Stat. Distributions (3)
0000000

Some examples:
B Cadlag Case. Assume b;(x;) = b; (a constant), a;;(x;) = a;; > 0 (an
strictly positive constant) and K;(x;, dz;) = k;i(x;, z;)dz; = k;i(z;)dz;
with k;(z;) = 0 for z; < 0. Then:

0 = ['[pi](“i){%“iaii — b + Aiqki]gi) - Ai}
1 1 « ajipj(0+)
—  5ipi(0+) - 5]; ]]R]’]j<0) LIR;jpil(a;)
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Product-form: Random Case
S

Consider now:

dX; = b(w, Xt_)dt —+ ’)/((U, Xt_)th + AX; + R((U, Xt_)dZt

Set:
B b (Xo(w)) = EDbi(Xo)|o(Xo)](w) as.
B 4 (Xo(w)) = E[a;j(Xp)|o(Xo)](w) as.

Ry (%)) _ o
W J(Xo(w)) = E wa@)\a(x@) (w) as. (i # ).

Assumptions: Bi(X) — Bi(xi), fli]'(X) — ﬁi]'(xi, x]) and hl](X) = hi]'(xi, x])
Moreover, 4;;(0+) and h;j(x;,0+) exist and are finite.
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Product-form: Random Case (2)
—— ]

B Main Result. Then, the stationary density p is in product-form if
and only if foreach i,j € {1,...,n},i # j, we have:

Aij(xi, xj) =

h'i(X',O-F)Pi(O—I—) °° : :
e LG

for Pi]-—a.e. (XZ', x]) S ]R%_
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Existence Results
S

Consider:

AdX; = b(Xt_)dt + ’)’(Xt_)dwt + AX: + R(Xt_)dZt (*)

with b;(x) = b;(x;), ai]-(x) = ai]-(xi, x]-), Ri]-(x) — Ri]-(xi), and the following

jump structure for each component X*:

Z AX;( //cl Xl (w), r)g:(w,ds,dr;)

0<s<-

B g isan (F});>0-Poisson random measure on R, x E; with intensity
measure §;(ds,dr;) = A;Gj(dr;)ds, A; is the jump intensity, G; is a
probability measure on (E;, B(E;)) with E; an arbitrary Polish space
(e.g., E; = R), and {g;(w,ds,dr;)}!'_; are independent.

lllllllllll

% B Each ¢; is such that ¢;(y,7;) > —y forally € R, and r; € E;.
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Existence Results (2)
]

B Assume R;i(-) <0Vi,je{1,...,n},i+# j, and that, with
Q(-) = I — R(-), there exists V > 0 (elementwise) such that

Q(x) <V (elementwise) Vx € R" and the spectral radius of V is
< 1. (Without loss of generality we take R;;(:) = 1.)

B Under the usual Lipschitz and linear growth conditions on b, 7, R
and the jump amplitudes, equation (*) possesses a (pathwise)
unique strong solution for each initial condition Xy = x € R} and,
denoting as X* the corresponding solution starting from x, the
family {X*},cRrn is Feller-Markov.

B Assume also the following irreducibility condition. For each ¢ > 0,
x € R% and A € B(R"), Pc(t, A) = 0if and only if m(A) = 0, where
Py (t, -) denotes the law of X; in R"} and m(-) Lebesgue measure in
R" . (Note this condition is satisfied when for example the diffusion

University of
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Existence Results (3)
0000000

B Also, among some other technical assumptions, assume
0 =min;egy ,yinfyer, a;(y) > 0.

Key Stability Condition. Set ¢;(y) = b;(y) + A; | g, Ci(y,1i)G(dr;) for each

ie{l,...,n}andy € Ry, and ¢(x) = (P1(x1),..., ¥u(xy)) for all
x = (x1,...,x4) € R%. Then, with Q(-) as before, there exists V > 0
(elementwise) such that Q(x) > V (elementwise) for all x € R”, and:

©® = max sup |(I —K)_ltp(x)] <0

c{1,...,
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Existence Results (4)
S

Definition 1. Fix an € > 0. Foreachi € {1,...,n}, let Té be the first hitting
time of 0 for X' after ¢, i.e., T} = inf{t > € : X! = 0}.

Under the key stability assumption in the previous slide, it is easy to see

that IEg[T}] < oo for eachi € {1,...,n}, where Eo[-] denotes expectation
under Py, the law of X when starting from 0.

Definition 2. For each i € {1,...,n}, define the function #; : R; — R4 by
setting for y € R

-1 Eg [Li(T,,y)]
a;i(y)

ni(y) = (Eo | T5) )

It can be shown that each 7;(-) is strictly positive, bounded and continuous

University of
Waterloo
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Existence Results (5)
0000000

Main Result. Define the probability measure I1 on (R"}, B(IR.)) by
setting:

/ N pdm = / n1(x1) - mu(xp)dxy - - - dxy
for each A € B(R".). Assume for eachi,j € {1,...,n},i # j, we have:

ii (0
aij<xirxj>:a ( )217( ;71 ) / ni(0)dd + (i< j)

for all Xi, Xj > 0.

lllllllllll
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Existence Results (6)
0000000

Main Result (cont.). Then, I1 is the unique stationary (or invariant)
distribution for X, in that it is the unique probability measure on
(R, B(R")) such that, for each t > 0 and bounded Borel measurable
function f : R, — IR:

)

Moreover, the product-form Radon-Nikodym derivative:

By [f (Xe)] TI{dx) = . f()TT(dx)

n
+

dll

%(x) — 171(3(1) - --qn(xn), x=(x1,...,Xn) € ]R’_Tr

is strictly positive and belongs to the class C; (IR} ).
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Existence Results (7)
S

Main Result (cont.). In addition, for each initial distribution u on
(R, B(R")) we have:

lim Py(t, A)u(dx) = I1(A)
tToo JR™

for each A € B(IR"}). In particular, for each f € C,(IR". ) we have:

lim [ Ex [f(X0)] pldx) = [ fOoI(d)
oo JR" R"

that is, the measure f]R,_1 Py (t,-)u(dx) converges weakly to II(-) as t goes to

infinity.
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Existence Results (8)
0000000

Key Ideas for the Proof.

B Use the characterization:

1 [ Li(ds,0) 1
7i _/ s, 9) 1o
2 0 Rii<Xs) 2 1< )

B Then use the time occupation density interpretation of
semi-martingale local times, i.e., that Vf : R — IR, bounded Borel
measurable function, we have a.s.:

/tf(Xé_)ﬂii(Xé)dS = +oof(f)Li<tr7’)d7’
O (0, 0]

foreachi € {1,...,n}.
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The general case
]

In the case of constant R sufficient conditions for the existence of and
convergence to the stationary distribution were geven by Budhiraja and

Atar (EJP2003)
Key Stability Condition. Set ¢;(y) = b;(y) + A; | g, Ci(y,1i)G(dr;) for each

ie{l,...,n}andy € Ry, and ¢(x) = (l[)l(xl) L, W (xy)) for all
x=(x1,...,xy) € R. Letc(Q) < 1lan dI—Q>O

. ~1
O = ie?llaxn} xseu]lgl [(I - Q) 1/J(x)L <0

lllllllllll
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Concluding Remarks
]

B An appropriate boundary behavior characterization for reflected
jump-diffusions is key to the study of product-form stationary
distributions.

B No sufficient conditions are available in the general case with
state-dependent reflections- reflection map is not Lipschitz.
However we conjecture that our key condition is sufficient for the
existence.
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Concluding remarks
]

Why are we interested: in general, no results are available to show the
existence of stationary distributions for networks with ergodic arrivals-
except in the monotone separable case (see Foss and Baccelli).

One way: establish fluid model is stable and show the diffusion scaling
limit possesses an invariant distribution. For this we need tightness and
an interchange of limits argument to go through. This will avoid the con-

struction of a Lyapunov function (indeed it is hard to identify).
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